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SOME APPLICATIONS OF THE METHOD OF ABRIDGED 
NOTATION. 


By Maxime BOocuer. 


1. Introduction. In proving a geometrical proposition by the method 
of abridged notation certain identities, often of an extremely simple character, 
are used, from whose geometric interpretation the proof of the theorem follows. 
It frequently happens that the set of identities we have used in the proof of 
our theorem admits of a second geometrical interpretation, and when we have 
noticed this fact, we have before us a new geometrical theorem which we have, 
so to speak, deduced from the theorem from which we started, or rather from 


our method of proving it. 
To illustrate what I mean by a very simple example, let us consider the 


theorem that the bisectors of the angles of a triangle meet in a point. To 
prove this by the method of abridged notation we indicate the equations of 


the sides of the triangle by 

(1) w= v=0, w= 0. 

If we suppose that all these equations are written in the normal form ; 
rcosa+ysina—p=0, 

the equations of the bisectors of the angles will be 

(2) u—v=0, v—w=0, w—u=0; 

and now the identity : 

(3) (w—v) + (v—w) + (w—Uu) 


shows us at once that these lines meet in a point. 

Suppose, however, instead of interpreting the equations (1) as the equa- 
tions of three straight lines, we regard them as the equations of three circles 
all written in the normal form : 


e+ 
(45) 
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Then the equations (2) will represent the common chords of these cireles, and 
the identity (3) tells us that these common chords meet ina point. 

Thus we see that the method of abridged notation may be used to deduce 
new theorems from known ones, just as the methods of projection, reciproca- 
tion, and inversion are commonly used. As this fact has, in spite of its ele- 
mentary nature, gained as yet no place, so far as I have found, in even the 
best text books,* I propose to illustrate it here by first reproducing the well 
known proofs by the method of abridged notation of the harmonic properties 
of the complete quadrilateral and of Desargues’s theorem, and then interpret- 
ing these proofs in such a way as to obtain theorems which, instead of refer- 
ring to rectilinear figures, as did the original propositions, refer to much more 
general curvilinear figures. In doing this | have paid special attention to the 
case in which these curved lines are circles, not only because this is the sim- 
plest case, but because the theorems thus obtained are suited to hold a funda- 
mental position, as T expect to show on another occasion, in a systematic 
development of what has been termed the Geometry of Inversion.t It must, 
however, be clearly understood that the generalizing process which we use in 
this simple case is not identical with the process of inversion, but that the re- 
sults obtained include as a very special case the theorems which the method of 
inversion would give us. 

2. Rectilinear Figures. Let us denote the sides of a complete quad- 
rilateral by the equations : 


(4) e= 0, B=0, y = 0, 6 0. 

Denoting the six vertices by 

(5) (a, B), (y. 8), (a, 7); (B, 8), (a, 8), 
we will let 


u = 0 represent the diagonal joining (8, 7) and (a, 6), 


* Except in the case where we merely pass from point to line coordinates,—a case which is 
essentially equivalent to reciprocation. 

+ Cf. Klein’s Erlanger Programm (1872), reprinted in English translation and with a few 
additions in the Bulletin of the New York Mathematical Society for July 1893. A German reprint 
with still further additions will be found in the Math. Annalen, vol 43 (1893), p. 63. 
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APPLICATIONS OF ABRIDGED NOTATION, 47 
The values of u, v, w, in terms of a, B, y, 8 may be obtained as follows :— 
We may write the equation of the diagonal u in either of the forms 
bB+cy=0, —va—ds= 0. 


If we so choose the constants a, 4, c,d that the first members of these equa- 
tions are equal, not merely proportional, we get the identity : 


\ 
\ 
\ 
\ 
\ 
Fig. 1 
(7;) 


From this it follows that 

4B+di=—va—cy. 
If we set this expression equal to zero we get, as we see from the left hand 
side, a line through (8, 8), as we see from the right hand side, a line through 
(a,y). We may therefore write ; | 
(73) 


Similarly we get: 


(73) wsey+ di =—aa—bp, 
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~} Finally indicating the lines which join the vertices of the quadrilateral 4 
with the points of intersection of the diagonals, as shown in the figure, by : 3 
(8) m=9, = 0, = 0, v, = 0, = 0, 4 
| we have 4 
dat 18, : 

q (9) 

| =—aa+ hp, 

cy — 6. 


From these formule we read off at once the harmonic properties of the 
complete quadrilateral, for instance that the two sides a and 8 are separated 
harmonically by the diagonal ~ through their point of intersection and the 
line w, which joins their point of intersection with the intersection of the two 
other diagonals (cf. (73) and the fifth formula (9) ). 

We may add that formule (9) also show that the six lines (8) pass three 
st by three through four points, thus forming the sides of a complete quadrangle. 

We pass now to Desargues’s theorem :— 

Tf two triangles are so situated that the points of intersection of correspond- 
ing sides are collinear, then the lines joining corresponding vertices are concur- 
rent, 

To prove this theorem we denote the sides of the first triangle by : 


(10) u,=0, = 0, = 0; 
the sides of the second by: 


The line on which the points of intersection of corresponding sides lie _ 
may be represented by an equation in any one of the following forms : 


+ hy ") — 0, 0, (13 Us, + hs 0. 


Accordingly, by properly choosing the constants, we can make the first mem- 
bers of these equations identically equal : 


(12) Uy + = + = Ag + 


From this we get at once the following three identities : 
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(13) = — = — + bgrs, 
= — = — + 


From these identities we infer that the equations : 


(14) wy = 0, w, = 0, 0 

represent the lines joining corresponding vertices of the two triangles, and 
since 

(15) + wz = 0, 


these lines are concurrent. 

3. Generalization to Circles. Let us now try to interpret the an- 
alytical work of the preceding section on the supposition that the equations 
there used represent not straight lines, but circles. 

We begin with the theorems about the complete quadrilateral. 

The figure formed by four circles, no three of which meet in the same two 
points, we will call a complete circular quadrilateral, the circles (4) being the 


‘sides of the quadrilateral and the six pairs of points (5) being its six sets of 


vertices. These latter arrange themselves in pairs of opposite sets of vertices. 
The equations 68 + ey = 0 and — aa — dé = 0 now represent circles through 
the pairs of points (8, 7) and (a, 6) respectively, but it will not be possible 
in general to make these two circles coincide, since a circle cannot in general 
be passed through two pairs of points. 

In order that our analytic work be applicable to this case it is therefore 
necessary that the four points (8, 7) and (a, 8) be coneyelic (2. ¢. lie on a 
circle). This cirele will then be represented by the equation « = 0 (cf. (7;))- 
From this equation we infer as before that v = 0 and wr = 0 (cf. (7,) and (73) ) 
represent circles through the two pairs of points (a, 7), (8, 6) and (a, 8), 
~y, 5) respectively. We thus get the theorem : 

Tf in a complete circular quadrilateral two opposite sets of vertices are con- 
cyclic, the same will be true of each of the other pairs of opposite sets of ver- 
tices.* 

If a circle passes through a pair of opposite sets of vertices of a complete 


* Another form of statement for this theorem which brings it into relation with Desargues’s 
theorem is the following, in which we denote the figure formed by two circles as a crescent, the 
two circles being the sides and their points of intersection the vertices : 

If two crescents are so situated that their vertices are concyclic, the points of intersection og 
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circular quadrilateral, we will call it a diagonal of this quadrilateral, We 
may then state the last theorem as follows : 
If a complete circular quadrilateral has one diagonal, it has three. 

We will recall here two terms which we shall find it convenient to use. 
S, = 0 and S,=0 being any two given circles, we call the simply infinite 
family 
(16) hy + hy = 0 
a pencil of circles: and we use the same term for a finite number of circles of 
this family. Similarly 8, = 0, 8S, = 0, S; = 0 being any three circles which 
do not belong to a pencil the doubly infinite family : 

(17) hy Sy + hy Sy + hig Sy = 0 
we call a net.* 

We now infer at once from formule (7) : 

Al necessary and sufficient condition that a complete circular quadrilateral 
have diagonals is that its sides belong toa net. If this condition is fulfilled, 
the diagonals helong to the same net. 

Under these conditions any two sides of the quadrilateral (as a, 8) and 
the two diagonals which do not pass through the intersections of these sides 
(as u,v) forma complete circular quadrilateral whose sides belong to a net 
and which therefore has diagonals. Two of these diagonals are the other two 
sides (y,6) of the original quadrilateral, but the third is the circle (77) 
through the points of intersection of a with 8 and of wu with v. Similarly we 
obtain the other circles (8). 

By the cross ratio of a pencil of four cireles we shall understand the cross 
ratio of the pencil of tangents at any one of their points of intersection.¢ With 


corresponding sides (the correspondence being taken in either one of the tro possible ways) are also 
concyclic. 

Still another form, in which, however, only half the theorem is explicitly stated, is the 
following : 

Through each of the sets of vertices of a circular triangle a circle is passed. If these three 
circles meet in a first point, they will meet again in a second point. 

As thus stated the theorem is seen to be identical with the generalization by inversion of 
the theorem that the common chords of three circles meet in a point. 

* We mention in passing that such a net consists of all circles which cut at right angles the 
common orthogonal circle of S;, S:, S3. Cf. for instance Casey's Analytical Geometry, p. 107. 

+ Or more generally the cross ratio of the pencil formed by the polars of an arbitrarily 


chosen point. This more general definition is necessary if the circles of the pencil touch each 
other. 
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this definition it is readily seen that a necessary and sufficient condition that 
the circles and be divided harmonically by S, + S, and S, + w Sy is 
that A=— yp. We thus obtain, precisely as in §1, the harmonic properties 
of the complete circular quadrilateral, of which the following is typical : 


In a complete circular quadrilateral whose sides belong to a net, any tivo 
sides ave divided harmonically by the diagonal through their points of inter- 
section, and the circle through their points of intersection and through the 
points of intersection of the other two diagonals. 


52 BOCHER. 


We leave to the reader the extension of the theorem that the lines (8) 
form a complete quadrangle. 


Up to this point all the circles we have used have belonged to a single 
net :* and it might seem at first sight as though the method we are using must 
necessarily always give us theorems which involve only circles of a single net, 
since the straight lines from which these circles were obtained themselves form 
anet. This, however, is not the case, as the extension of Desargues’s theorem 
will now show. For although any four lines of the plane are connected by a 
relation of the formaa +48 + cy + /é = 0, it is not at all necessary that this 
relation be involved in the formule we use in proving our proposition, as-is 
shown by the proof we have given of Desargues’s theorem. ¢ 

Turning now to the proof of Desargues’s theorem given in §1 we have to 
consider two circular triangles (10) and (11). © We understand of course by a 
circular triangle the figure formed by three circles which do not form a pencil. 
Such a triangle has three sides and three pairs of vertices. The analysis of 
$1 then gives us the theorem : 

Tf tro circular triaugles are so situated that the three pairs of points of 
intersection of corresponding sides are concyelic, then any pair of vertices of 
the first triangle and the corresponding pair of vertices of the second are con- 
cyclic,t and the three circles thus determined forma peneil, 

The ten cireles involved in this theorem do not necessarily all belong to 
a net, since the three sides of the first triangle and one side of the second may 
be arbitrarily chosen. 

4. Curves of the n-th Order, We will now regard the equations 
from which we started as representing plane curves of the xth order instead 
of straight lines as in §2 or circles as in §3. We will speak of pencils and nets 


* In fact our formule practically establish a one-to-one transformation of the straight lines 
of the plane into the circles of a net, and therefore a one-to-two point transformation (a point 
determined by two straight lines into the pair of points determined by the corresponding cir- 
cles). Such a correspondence can easily be established geometrically by projecting the plane 
from an arbitrarily chosen point outo an arbitrarily chosen spherical surface, and then pro- 
jecting back stereographically onto the plane. 

+ A different proof of this theorem which does not have this advantage is given in Salmon’s 
Conic Sections, p. 59. 

; This first part of the theorem does not go beyond what we have already proved, since 


two pairs of corresponding sides of the triangle form a complete circular quadrilateral lying 
wholly in a net. 
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of curves of the uth order, using the words in the ordinary sense similar to 
4 that explained for circles in §3. We will speak of four curves of the nth 
4 order, no three of which form a pencil, as the sides of a complete curvilinear 
quadrilateral.* Each pair of sides of this quadrilateral determines a pencil, 
and if the pencils determined by two opposite pairs of sides have a curve in 
common, we will speak of this curve as a diagonal of the quadrilateral. For- 1 Fan 
mule (7) now establish the following theorem : 

A necessary and sufficient condition that a complete curvilinear quadri- 
lateral have a diagonal is that its sides helong to a net, and if this condition is 
fulfilled, it has three and only three diagonals which also belong to the net. 

Let us now consider the pencil of four curves 


ts 


The linear polars of any point ? of the plane, excluding possibly certain ex- 4 


ceptional positions for P, are easily shown to form a pencil, and the cross ratio 
of this pencil is seen to be independent of the position of P and to have the | 
value A/u. This quantity we will speak of as the cross ratio of the pencil of 
curves.¢ In particular we may in general} take for /?a point of intersection is 
of the curves, in which case the cross ratio of the pencil of curves is given 
by the cross ratio of the pencil of tangents at this point of intersection. 
If A =— pw we say that the curves S, and S, are divided harmonically by 
the other two curves. ‘ 
Formule (7) and (9) now give us a number of theorems concerning the i | 
complete curvilinear quadrilateral, of which we state the following one : e 
[f a complete curvilinear quadrilateral is formed by four curves of a net, Hy 
any two sides a, B of the quadrilateral are divided harmonically by the diag- 
onal belonging to the pencil (a, B) and the curve common to the pencil (a, B) and 
the pencil determined by the other tro diagonals. Pid 
The extension to this case of the further theorems contained in’ §2 we a 
leave to the reader. 2 \ 


sides are reducible curves two sides may, however, have a whole curve incommon. For this 
reason we have avoided speaking of vertices in the text. ey. 
+ If instead of considering the linear polars of P we consider the polars of any order, it Bich > 
is clear that these will also form a pencil having the same cross ratio as that of the original : 
pencil. 
t Provided, namely, there exists a point of intersection where neither S$; nor S, has a 
double point, and where these curves do not touch each other. ce 
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5. Extension to Surfaces. It is hardly necessary to do more than 
mention the possibility of interpreting the analysis of §2 on the supposition 
that the equations there used represent surfaces in space instead of lines or 
curves in the plane. Thus, for instance, if we regard the equations as repre- 
senting spheres, the formule concerning the complete quadrilateral in §2 give 


ug us certain theorems concerning spheres which have two points in common, 
oF ae while the proof of Desargues’s theorem gives us a theorem concerning ten 


_— spheres which cut a given sphere orthogonally. The statement of these theo- 
ah rems and of similar theorems concerning surfaces of any order presents no 


difficulty. 
— §€=—h Even without changing the degrees of the equations we use, the method 
here considered gives us the means of transferring theorems in plane geometry 
o. 3 to the case of three dimensions. The theorems of §2 are too simple to give 


anything interesting in this way; but it will be a good exercise for a student 
to transfer by this method to quadric surfaces the theorem that if three conics 
have double contact with a fourth, six of their chords of intersection pass three 
hy three through four points, using for this purpose the proof by abridged no- 
tation given in Salmon’s Conic Sections, p. 243. 

It will be seen that examples of cases to which our method applies can be 
multiplied indefinitely. We have confined ourselves here to a few of the very 
simplest illustrations. 


Harvarp UNIVERSITY, 
NOVEMBER 101. 
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ON THE ROOTS OF FUNCTIONS CONNECTED BY A LINEAR 
RECURRENT RELATION OF THE SECOND ORDER.* 


By M. B. Porter. 


At the close of his first memoir on homogeneous linear differential equa- 
tions of the second order in the first volume of Liouville’s Journal, Sturm re- 
marks that results analogous to those obtained for the differential equation 
were first discovered by him while considering solutions of a homogeneous 
equation in finite differences of the form, 


(1) La Yn +1 + + 0, 


when L, M, and NV are functions, subject to certain restrictions, of the posi- 
tive integral index x and a variable parameter, and that it was while prose- 
cuting this inquiry that he discovered his famous theorem concerning the 
isolation of the roots of a polynomial. By passing from the discrete index n 
to the continuous variable x, Sturm first arrived at the theorems for the differ- 
ential equation in the paper referred to. This earlier method of dealing with 
the problems solved by Sturm was perhaps regarded by him as merely heuristic, 
or at least as less elegant than the methods finally employed, and his earlier 
researches were never published. 

Characterizing a sequence of real functions yo, yy. Yn Sturmeiant 
when the difference in the number of variations of sign in the sequence for two 
particular real values of the argument is equal to the number of real roots of 
y, in the interval delimited by them, it is certain that Sturm determined at 
least one simple sufficient condition to which a sequence must conform in order 
that it may be Sturmian, and that he investigated the inverse problem |“ con- 
structing such sequences by means of a recurrent relation of type (1). Looked 
at from the standpoint of the recurrent relation, solutions of (1) enjoying the 
Sturmian property may be called Sturmian solutions: undoubtedly Sturm 
discovered many properties of such solutions. 


* Read before the American Mathematical Society, February, 1901, under a different title. 
+ This adjective is here used in a more general sense than in the ensuing sections. Cf. 
the definitions there given. 
(55) 
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It is our purpose in the first five sections to reproduce in part these 

unpublished theorems and in the last section to show how, by means of the 
ie Cauchy-Lipschitz theorem for the existence of solutions of a differential equa- 
tion, it is possible to establish rigorously the analogous theorems, so far as they 
exist, for the homogeneous linear differential equation of the second order. 
ce: As has already been stated, in this case the index n is replaced by the inde- 
pendent variable and the variable parameter either figures in the differential 
equation itself, or in the arbitrary parameters of integration, or in both, 
. In conclusion it may be said that it is highly probable that Sturm consid- 
. ered a somewhat more general difference equation than (1') of §3 and so 
arrived at criteria of a more general character. This point, however, I hope to 
consider elsewhere. 

1. Sturmian Sequences in General. We begin by considering a 
series of functions 


of the real variable wy real, single valued, and analytic inan interval S S 


further supposed that for no point of this interval is equal to 


zero. 


t It will be convenient to employ the following graph in considering the 


above sequence, The ordinate ¢ 4; representing y; in magnitude and sign, the 
abscissa OF may conveniently be taken equal to the index 7. In the graph just 
described, the intersections of the broken line By B,. ... B, with the N-axis, 
which we shall call r-posuts, correspond tothe rariations of sign in the sequence 
Yor 

If now we suppose the parameter“ to vary continuously, this broken line 
will undergo a continuous deformation, the point 2, remaining always above 


* Throughout the rest of this paper we shall suppose that the variable z is confined to such 
an interval. 
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the origin, while the v-points are displaced in a manner which will depend on 
the particular functions y,, ... y,-. It is evident that at least one variation 
will be lost or gained when y, changes sign. The vanishing of an intermedi- 
ate y can cause the loss or gain of a variation only when 4, B,.... B, is 
deformed in such a manner that, when a given y vanishes, the adjacent y’s 
have the same sign, or one of the adjacent y’s is zero. In order that the 
number of variations of sign in the sequence 4%, 4, ... . y, Should change as 
varies from 2) to 2, only when ¥, changes sign, it will be if we 
impose the condition : 

B. No tro consecutive ys can vanish for the same value of «, and when 
any intermediate y vanishes the adjacent y's have opposite signs. 

A series of functions of the kind specitied, 7. ¢. fulfilling Conditions A and 
B, ave said to form a generalized Sturmian sequence.* 

Let us now consider what farther restrictions must be imposed on our 
sequence in order that it should lose a variation each time y, vanishes. Let 
r’ bea value of « for which v, = 0. The sequence will lose a variation as . 
increases through the value «#’ when and only when y, and y,_, have opposite 


signs for values of x a little smaller than .°! and the same sign for values a 
little larger, ¢. ¢. when 


Yn AY) + Aw) = a sufticiently 


(7) Yn _ Av) + Ax) positive quantity. 


From (2) we see that ¥,/7, —, is increasing with « at the point .’, and there- 
fore we have as a consequence of (2) : 


Yn 
(4) E 


On the other hand, if a variation is to be guined : 


r (2 -1 
We shall treat explicitly only the case when variations are lost as x increases, 


It is to be noted that condition (2) is more general than (3) and that we 
cannot pass back to (2) except when the inequality sign holds. It is thus a 


* Cf. Netto. Algebra, vol. 1, p. 238. 
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sufficient, but not a necessary, condition for the loss of a variation that® 


d Yn 
(4) dy Yn—1 ve 


When this condition is fulfilled as well as conditions 4A and B, the sequence 
is called a Sturmian sequence.¢ It should be noted that condition (4) makes 
it impossible for y, to have a multiple root in the interval (2, 7,) considered. 

Starting with a real polynomial which has no multiple roots in (9, 2) 
and choosing y,—; = /}, Sturm’s modified algorithm of the Greatest Common 
Divisor leads to a sequence possessing these properties, the ordinary Sturm’s 
Functions of text books on the Theory of Equations. 

2. The Difference Equation. If 7, denote a function of the inte- 
vral index x, where we shall always suppose 1 to denote a positive integer or 
2070, yy, is said to satisfy a homogeneous linear recurrent relation of the second 
order if we-chave tor all values of 


(1 ) Ly + M, Yn 0, 


where L,, WV, and .V, denote functions of the index #. We will assume in 
what follows that none of the functions ,, is zero. 
If we write 


—Yn =AYns 
In+2 — Yn41 = 
and Ay, = 


relation (1) may be written in the form of a difference equation 
yn + My + Ni Yn = 


a form entirely analogous to that of the homogeneous linear differential equa- 
tion of the second order. We shall however employ this equation only in the 
recurrent form. 

If to yo and y, be assigned any values we choose,t all subsequent y's are 
uniquely determined by means of (1), since we have assumed that Z,, does 
not vanish ; so that (1) may be said to have x? solutions. 

If y,’ and denote any two solutions, then, Cy + Cy y% ix also a 


* If multiple roots are excluded (4) is of course as general as (2). 

+ Cf. Weber, Algebra, vol. 1, p. 272 (1st ed.). 

; This is analogous to the determination of a solution of a differential equation of the sec- 
ond order by its value and the value of its derivative at a given point. 
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solution.* {and y*’ are said to be linearly dependent if a relation of the form 
Cry + Cry? = 0, #=0,1,2...2n 


exist between them, where the C’s denote constants. 
We will now establish the theorem: 


The necessary and sufficient condition for the linear dependence of two so- 
lutions y\? and y™ is 


(5) — = 0. 
For if y;’ and are linearly dependent, we have : 
Cry’ + Cry’ = 9, 
Cry’ + Cry? 
where C, and C, are not both zero, and therefore (5) is fulfilled. 
Conversely, if (5) is fulfilled, there exist two constants C, and C, not 
both zero which satisfy (6). Now if we have : 
+ Cry? =9, 
+ CoyP_1 = 9, 


then by equation (1) we have at once, 


(6) 


+ = 0. 
Therefore starting from (6) we see that: 
Cry + Crys’ = 0 (a = 8, 3, 4,....). 
If then y!)’ and ¥;? denote any two linearly independent particular solutions 
and y, the general solution, and if we determine C, and C, by means of the 
equations, 
to = Cry’ + 
n= + Con’, 
then Gy? 1,2,3,..... ) 
i. e. any solution can be expressed linearly in terms of any two particular 
linearly independent solutions. 
In the next section we shall be mainly concerned with a recurrent rela- 
tion of the form, 


(1’) + Yn-1 = 


* Analogous to the two arbitrary constants in the general solution of a differential equation 
of the 2nd order. 
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Equation (1) may be reduced to this form by the change of dependent variable 


(7) = Pn 


Thus (1) becomes 


If now we determine ¢, by the recurrent relation 
= 
a, we get an equation of the desired form, where ¢ and ¢, may be chosen at 
: 1 pleasure, subject merely to the restriction that they do not vanish, and 
M Cy 
4. L,, Cas 1 
| 
" 3. Sturmian Sequences satisfying a Recurrent Relation of 


Type (1). We shall now consider a sequence of functions y, (nm = 0.1, .. 
satisfying a relation of the form, 


LnYn+1 + M, Yn = 


in which LZ, .W,and N are functions of the index » and are real, single valued, 
and analytic functions of a real variable + in an interval 7, 3 ¢S7,;. If, as 
| we shall assume to be the case, 4, (2) does not vanish in this interval, y, and 
all y's of higher index will be determined as real single valued analytic func- 
tions of # in this interval as soon as yy and y, are assigned as arbitrary real 
analytic functions of 


Let us now choose vy so that it will not vanish in the interval (79, .7,) and 
seck to determine what conditions may be imposed on L, W,N, yo. and y;, s0 
that the sequence shall form a Sturmian sequence. To ensure 
that no two consecutive 7's shall vanish for the same value of .« and that, when 
any y vanishes, the adjacent y's shall have opposite signs, it will be sufficient 
if we suppose that not only L but also N does not vanish in the interval (x9, 4) 
and that these functions have like signs, i. ¢. that LN is always positive. If 
these conditions are satistied, the 7's forma generalized Sturmian sequence. 
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To determine a sufficient condition that 


aa ( | > 


when x’ denotes a root of y, in the interval (x9, 7,), we shall suppose (1) re- 
duced to the form (1’) by the transformation (7) of §2 and consider the equa- 
tion as given in the form, 


(1’) Gn Yn + Yn—1 = 9, 


when evidently the condition ZV > 0 is fulfilled.* The relation between 
z, and y, (§2) shows that, under the restrictions placed on Z and N, z and y 
vanish together. 

Let x take the positive increment Ax, and let us write y;(“ + Ax) = y;, 
etc. Then (1’) becomes 


Yn+1 + + Yn—1 = 0. 


So that, when ¥, 7, is not zero, we have, since yo(2) + 0: 


Zot! _ —[(- G, + + YaYn—1 | 
Yn Yn Yn 
1 
8 = 1 
( ) 12 ( G + ( + Yo ( % |. 


Since all the y’s are continuous, we can, fora given value of x, take Ax so 
small that. 
Ym Ym 1, 2, 


Let us now impose the restrictions : 
G,, = G. 
whe re, if the equality sign holds in 2°, we require either that there be two suc- 
cessive relations 1° where it does not hold, or that it does not hold in the last 
relation 1°. 


* It may be remarked in passing that this transformation is unnecessary if N/Z is inde- 
pendent of z. 
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Under these circumstances a quantity 6 can be found such that, if 49, 
+ A when Ax < 6. 
Yn 
Thus 7, 41/7, Will then increase continually with from — to + in every 
interval of delimited by two consecutive roots of  Sinee the 
He y's are analytic functions of ., the limits 
lim — 7 ie 
ar Aw Av 
q | exist and we have, 


Yn 4% 4 [ (“) ] 
( ) Yn 1 Ny Yn 


The conditions 


34, 

("") m= 1,2, t 
Yo 


the restrictions above stated as to the simultaneous presence of equalities in 1° 


7 and 2° holding, vield at once the inequality 
dn 
a when « is supposed to lie in an interval included within an interval delimited 
ot by two consecutive roots of ¥,. Thus, if conditions 1° and 2° are fulfilled, the 
functions Yo. Yn forma Sturmian sequence. We may call such so- 
lutions Sturmian solutions. 
Let us now consider the case in which G,, and are real analytic fune- 


tions of several parameters . . . in the intervals 


€ X's i= l, 2, @ 


We will assume that these functions satisfy the conditions 


— G, s 

C4; 

Cri \Yo 


Let us first consider the case in which there are only two parameters 7, 72, and 


| 
q 
a 4 
yo 
tf 
| 
ae 
opis 


RECURRENT RELATIONS OF THE SECOND ORDER. 63 


ask ourselves how the roots of y, , ,, regarded as a function of ,, vary with 2. 
It is clear that these roots are continuous (in factanalytic) functions of 2, which, 
since they are never multiple roots, can cease to be real only by disappearing 
at one end of our interval. The question is whether they increase or decrease 
with z,. To settle this question we notice that, x, 7, being a pair of values 
for which y, 4 0, the function 4, ,/y, must, according to what we have proved 
above, increase when 2 or or both increase. If then a}, a pair of values 
for which y, 4, Vanishes, and if starting from these values, we wish to change 
Wy, #y 80 that y, ., retains the value zero, we must increase one of them and 
decrease the other ; ¢. ¢. if we regard ¥, ,, asafunction of 2, its roots decrease 
increases. 

Coming back now to the case in which there are more than two parameters, 
we will assign to all but two of them fixed values. Then by applying the re- 
sult just obtained we get the theorem : 


Uf Yn( be regarded as a function of the variable x;, the roots of 


y, will decrease with the increase of the other parameters. 

4. Theorems concerning Sturmian Solutions. We have seen 
that, if 7, denote a Sturmian solution in a certain interval, then ¥, has no mul- 
tiple roots in this interval and that ¥,,/7, —, increases continually trom— 2 to 
+ x in any interval delimited by two consecutive roots of y,—,. Similarly, 
it is seen at once that (y, + —1)/7, Willincrease continually from — » 
to + « in this same interval provided that 

d 

iH, 2 0. 
A similar extension can of course be given to the last theorem of §3. From 
the foregoing we can now deduce the following theorems. 

Tueorem 1. A variation will be lost in the sequence Yo, Yn when- 
ever y, vanishes. 

Tuerorem 2. The roots of y,, and y,—, separate each other, ov more gen- 
erally the roots of yn + Hyyy—, and Yn—1 separate each other provided that 
Hi, 2 0. 

For, since /,/¥,—1 increases continually from — 2 to + x in any inter- 
val delimited by.two consecutive roots of 7, —,, the function y,,, which has no 
multiple roots, will vanish once and only once when x increases through this 
interval. ‘ 
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Tueorem 3. and denote any linearly independent solutions 
ay 
of (1'), then if > Oand > 0, the roots and will separate 


each other. 
From (1') we have 


where, by the hypothesis that v7)’ and y,° are linearly independent, C must be 
a function of « which does not vanish in the interval (79, .7;). Further, since 
O(c) is continuous, and thus cannot change sign, we may suppose C(x) always 
positive. Let .r, and xy denote two consecutive roots of y,;’. By Theorem 2 
this interval contains a single root of v,,: hence, since 
(23) = ( Hg) > 0 
and Yu (#2) = (4g) > 0, 
it follows that }' vanishes at least once in the interval determined by two con- 
secutive roots of v7. Similarly, 7; vanishes at least once in an interval de- 
termined by two consecutive roots of '", and hence the theorem. 
Let vy, and 7 be any two linearly independent solutions, and let us de- 
note by 7, the solution 
(2) 
Yn = Yn 
where z is a parameter. Then we have 
Yn-1 + 


Thus 7,7, —; increases continually with z between any two consecutive roots 
Of > yo’. If decrease from a very large value to a very 
small one, ¥,,/7, —1, starting from a value as near /!'/y\!_, as we please, will 
approach ¥,/y,_, as its limit, and the r-points of y, ... yy will, starting 
from coincidence with those of yi)... 4)", all move in the same sense into 
coincidence with those of yi... 4". Since y, always remains linearly inde- 
pendent of and a v-point of 7, - could not come into coincidence 
with one of yi If < we can reason in the same way, 
and thus we get 
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TueoreM 4. [fy and yj denote any two linearly independent solutions 
of (4) such that yi’ and y\° do not vanish, no restrictions as to continually in- 
creasing or decreasing being imposed on G(x), the v-points of the series 
Yu and of yy’ will alternate, i. e. the number of variations in 
the two sequences will differ at most by unity. 

Theorems 3 and 4 are analogous to well known theorems of Sturm for the 
linear differential equation of the second order. Theorems 1 and 2 seem to 
possess no analogon for the differential equation. 

The analogon of Sturm’s Theorem of Oscillation may be stated as follows. 

Tueorem 5. continually increases with x and is such that 
(i, (09) 2 L? and G,(2,) — M? (n= 0,1,2,...),and if L? and M? are 
sufficiently large, there is one and only one value of x(01 Sx S x,) such that 
1° The number of variations in the sequence Ynys yy equal to an 
assigned integer r (r not greater than u — 1) and such that 


a and a’ being any assigned real constants. 
The proof is immediate. We note that, if in the equation 


C%n + 0 


we take Cas a sufficiently large positive constant, the sequence —15 Yi 
will present x — 1 variations of sign and if C is a negative constant of suffi- 
ciently large absolute value, this sequence will present no variations of sign. 
Thus if Z? is sufficiently large, the sequence 7, ¥2, . . y, Will present n — 1 
variations of sign. As x increases from 2» towards x, G will decrease and a 
variation will be lost every time y, vanishes: further since the roots of y,_—, 
separate those of y, and in an interval delimited by two successive roots of 
Yn—1s Yn/ Yn inereases continually from — x to + with the increase of 
Yn/ Yn passes in every such interval through any given value, as 8, once 
and only once. This proves the theorem. 

5. Some Applications. As examples of sequences which fall at once 
under the conditions of the preceding sections we will cite first the 
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Zonal Harmonies : 
Preys where = 1 and = 4, 
while the recurrent relation is 

Since Z, and LV, do not depend on .«, the conclusions of §3 are valid and we 
have, the interval extending trom — to + x, 

1°) The sequence . is Sturman; 

2°?) The roots of and separate each other ; 

3° P,, has no multiple roots. 


From 1° it follows that all the roots of 7’, are real.* 
Lommel’s Function: Cr), defined as follows, 


where the J°s denote Bessel functions, affords a second example. 
Here RY = Land RY = + 1) +, the recurrent relation beingt 


so that, if > — 1, the conditions of §3t are fulfilled and 
form a Sturmian sequence. The roots of 7?" and 2™™—1 are all real and 
alternate and increase with the parameter rn. 

Even if » <— 1, ifn + m < 0, the conditions of §3 and the conclusions 
from them hold. 

The conditions at the end of §3 also have place for (10) if n + m < 0 and 
be changed to — 2, so that, (fu he dacreased, the roots of Rw ™(— x) = 0 
decrease; the roots of (7) = 0 increase with n. 


* These theorems may be obtained by making use of the relation 
which shows that, if | | <1, > 0, when P, = 0 (conditions on p. (57]). Cf. Weber's 
Algebra, vol. 1, p. 277. 


+ Cf. Graf and Gubler’s Einlcituny in die Theorie der Besselachen Functionen, vol. 2, p. 102. 
> The inequalities 1° and 2° of p. 62 are here reversed, but ‘Theorems 1,...5 still sub- 
sist if we replace the word lost in Theorem 1 by gained and reverse the inequalitiesin Theorem 3. 
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As a final example we may consider the partial numerators and denom 
inators of the convergents of the continued fraction 


3 


when the a’s are all positive or all negative and the y's are positive functions 
of the index n. Denoting the partial numerators and denominators by y,, 
and y, respectively we have 
Yn = (4,0 + Bi) — Yn 
Yn (a, + Bi) Yn —1 
%=1, =a, 4+ B, 
Yo = Q, =1, = + By. 


Thus the conditions of §3 are fulfilled and y,, (or 
YnsYn—1 5 + + + + fi) form a Sturmian sequence, all the roots of ,(Y,) are 


real and are separated by those of 7, _ (7, —1).* From the relation 


we also infer that the roots of 7, and y, separate each other, ¢. e. the poles and 
zeros of ¥,/y, alternate. 

By §3 we conclude that the absolute values of the roots of ,(«) = 0 
(Yn (x) = 0) decrease with a,(r = n) if the a’s are positive, and increase with 
the a’s if the a’s are negative. 

The foregoing is the simplest type of continued fraction which satisfies 
the conditions of §§3 and 4. 

The general type suggested by §3 is 


where $/(2) > 0. 

6. The Limiting Case of the Differential Equation. To show 
that under certain restrictions, to be hereafter given, the difference equation 
goes over into a differential equation as its limiting form we shall need the 


following 


* This result has been established by Sylvester, Philosophical Transactions, vol. 14, part I. 
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Lemma. If f(x) denote a single ralued function of the real variable x 
possessing finite first and second derivatives in the interval (to, #4) then® 


lim (2 + 28) — + 8) = < 
Consider now the difference equation, 
(11) Ina2t 
and let 
tT, = f(a + nd), 
then (11) may be written 
It then we suppose that 
lim 2 + = G(x) 


é=0 2 


equation (11) will go over into the differential equation : 


(2) = — G(2) F(z). 
Conversely, if we have a differential equation in the form 
(13) y" = (4) y 


the Cauchy-Lipschitz existence theorem for solutions of differential equationst 
shows that, if @(«) is continuous (not necessarily analytic) in the neighbor 
hood of a, we can find a solution of (2) having the arbitrary boundary values 
(14) y(a) =e, y'(a) 

by regarding (13) as the limiting form of a difference equation. In the proot 
as usually presented (13) is replaced by the simultaneous pair of equations of 
the first order 

=— 

y'=p 


which are regarded as the limit of the difference equations 


(15) Ga 4 16) Yn 418s 
Yn+1 — 


* Cf., for example, Harnack, Elemente der Differential- und Integralrechnung, p. 56. 
+ See for instance Picard, Traité d'analyse, vol. 2, p. 291. 
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Here we must let 


Yo Po = C2. 


By means of the two equations of (14), all y’s and p’s of higher order can be 
computed, and the Cauchy proof shows that 

lim y,=y(r), lim p, = y'(x) 
where y(x) is a solution of (13). 

The upper limit for x8 = |# — a) postulated in the classic proof is in gen- 
eral much too small. Picard and Painlevé* have shown that the Cauchy solu- 
tion will be convergent throughoutthe whole interval b,b, (by < a < b,),inwhich 
y(xz) as well as G(x) are continuous and that the convergence is uniform over 
every tract within this interval. Moreover, since we are dealing with a linear 
equation, the interval throughout which y is continuous will be at least as great 
as the interval throughout which G@ is continuous. t 

It is well known} that no solution of (13) can have a multiple root at a 
point of the interval just considered. From this it follows that there cannot be 
two distinct solutions of (13) satisfving conditions (14), since their difference 
would have a multiple root at a. On the other hand it is clear that a solution 
of (2) which is not identically zero cannot have an infinite number of roots in 
a finite interval within and at the extremities of which G is continuous. — For, 
at the points of condensation of such roots, y' as wellas y would be zero. 

If we now suppose that (a), y/(a@), and G(x) are continuous functions 
of a parameter A (Ap < A < A,) then y, and p, are continuous functions of this 
parameter and, by the uniformity of the convergence, their limits y(.) and 
y'(r) are continuous functions of (2, A). 

From the method in which y, and p, must be computed by means of (14) 


it is evident that the result will be the same if we eliminate » between the — 


two equations of (14), thus getting 
(15) 2Yn4it In + n8) Yn 


If now we plot the ordinates y,,, 0,1, 2... . 4, as in §1, using for the 


* Picard, Comptes Rendus, vol. 128 (1899), p. 1363. 
Painlevé, Bull. de la Soc. Math. de France, vol. 27 (1899), p. 150. 

+ Cf. Peano, Math. Annalen, vol. 32 (1888), p. 450. 

3 Cf. Sturm, /. ¢. p. 109. 
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corresponding abseissas = 0.1... . We shall geta broken line which, 
if § he taken sufficiently small, will lie between the two curves 


te 
arbitrarily small) 


\| 


and 4 


where is supposed to be any point of an interval lying within the interval in 
which (7) is continuous. 

Equation (15) belongs to the type of difference equations considered in 
§3, and it was then shown (cf. (%) ) that if either 4/49 or G (A) increases 
with A, the other not decreasing, or both are functions of the parameter A which 
continually increase as A increases ,,(4)/7/, increases continually with 
» in any interval delimited by two suecessive roots of w,(A) = 9, and that 
the same is true of Ih) = Jn= 0) so that we have the fundamental theorem : 

Yn 

Under the restrictions on y'(a, &) and G(x, namely, 
that either or both shall continually increase with %, and neither decrease, the 
ratio A) ly (ar, A) will be a continually increasing function of in any 


taterval delimited hy tira successive pools of y (ar, = 0. 

In the same way it ean be shown that the roots of y(r, A) = O will con- 
tinually increase with x. 

The Oscillation Theorem for the ditlerential equation ean be arrived at in 
the same way by regarding it as a limiting form of the analogous theorem for 
the difference equation. 

The equation (8) of §3 becomes, if we pass to the limit, 


WER YM) — = 
This fundamental equation, which can be at once obtained from the differential 


equation itself, is the starting point of Sturm and Bocher* in establishing the 
Comparison Theorems from which the other Sturmian Theorems are deduced. 


UNIVERSITY, 
New Haven, Connecticut. 


* The Theorems of Oscillation of Sturm and Klein., Bull. Am. Math. Soc., ser. 2, vol. 4 
(1898), p. 295. 
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SPACE OF CONSTANT CURVATURE. 


By FreEpERICK S. Woops. 


As is well known, the investigation of the foundations of geometry has : 

led, by three distinct methods, to the recognition of the fact that alongside of , 

the Euclidean geometry there exist other systems, equally self consistent and 

equally capable of explaining the facts of experience. The first of these 

methods of research, that of Lobachevsky, Bolyai, and Gauss, proceeds upon 

the historic lines of Euclid. The second method, that of Klein, starts 

* from Cayley’s system of measurement with reference to a fundamental quad- > i 
% ric and employs the principles of projective geometry. The third method, | 
a that of Riemann, consists essentially in the study of differential quadratic ex- 
pressions and extends to space of any dimensions Gauss’s idea of the curva- 4 

ture of a surface. The first two of these methods make less demand than does 7, 

the third on special mathematical knowledge, and elementary expositions of Ht 

them are readily accessible and widely known : but, as far as the present writer 

is aware, no elementary treatment of Riemann’s ideas exists. Such a treat- 

ment seems desirable, however, not only because of the intrinsic importance aa 


of Riemann’s methods, but also because his results have been sometimes mis- 1¥ 
understood. The term “ curvature of space” has led some to infer by a false “4 
analogy that Riemann’s geometry is possible only on the assumption of a 3 
fourth dimension. * ink 
The present article is an attempt to present Riemann’s ideas in an ele- ii 
mentary form. The basis of the article is Riemann’s famous paper “ Veber die Ee 
Hypothesen, welche der Geometrie zu Grunde liegen.”t In addition, the 
writer has consulted, among others, the following papers : ae 
Dedekind-Weber: Anmerkungen. Riemann’s Gesammelte Werke, 1st ed., p. 384; 2nd ed., ; oe | 
p. 405. 
Helmholtz : Ueber die thatsachlichen Grundlagen der Geometrie (1866). Wissen- 
schaftliche Abhandlungen, vol. 2, no. 77, p. 610. 
Ueber die Thatsachen, die der Geometrie zum Grunde liegen (1868). na 
Mdid., no. 78, p. 618. 
Beltrami : Teoria fondamentale degli spazii di curvatura constante. Annali di Phe 
mat., ser. 2, vol. 2 (1868), p. 232. : “| " 
*This error has recently been repeated in an article by Professor E. S. Crawley on v5 
‘Geometry: Ancient and Modern,” published in the Popular Science Monthly for Jan., 1901, be 
p- 257. 
+ Gesammelte Werke, 1st ed., p. 254; 2nd ed., p. 272. an 
(71) 
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Saggio di interpretazione della geometria non-Euclidea. Giornale di mat., 
vol. 6 (1868), p. 284. 

Newcomb: Elementary theorems relating to the geometry of a space of three dimensions 
and of uniform positive curvature ....... Crelle, vol. 83 (1877), p. 293. 

Killing : Ueber zwei Raumformen mit constanter positiver Kriimmung; Crelle, vol. 86 
(1879), p. 72. 
Die Rechnung in den Nicht-Euklidischen Raumformen. Crelle, vol. 89 (1880), 
p. 265. 
Ueber die Clitford-Klein’schen Raumformen. Math. Annalen, vol. 39 (1891), 
p. 257. 
Einfahruny in die Grundlagen der Geometric. Padeborn, 1893. 

Schur: Ueber die Deformation der Raiime constanten Riemann'schen Kriimmungs- 
masses. Math. Annalen, vol. 27 (1886), p. 163. 
Ueber den Zusammenhang der Raiime constanten Riemann'schen Kriimmungs- 
masses mit den projectiven Raiimen. /hid., vol. 27 (1886), p. 537. 

Klein: Autographirte Vorlesungen iiher Nicht-Euklidische Geometrie. Gottingen, 1892. 
Zur Nicht-Euklidischen Geometrie. Math. Annalen, vol. 37 (1890), p. 544. 
Lectures on Mathematics, Lecture 11, p. 85, New York, 1894. 

Lie-Engel: Theoriv der Transformationsgruppen, vol. 3, p. 393 ff. Leipzig, 1893. 

Bianchi: Differentialyeometrie, German translation by Max Lukat, p. 563 ff. 


1. The First Two Hypotheses. Kicmann’s investigations are con- 
cerned with the properties of extents (.Manuigfoltigkeiten) of any number of 
dimensions, in which an element may be determined by means of coordinates. 
Such extents are now commonly called ” spaces of n dimensions”; but we shall 
restrict the word “space”, in this article, to an extent of three dimensions, 
while ” surface ” shall mean an extent of two dimensions, and“ line ” an extent 
of one dimension. We have then two problems. First, we have to develop 
a system of geometry from assumed hypotheses and, secondly, we have to 
bring our results to the test of experience and inquire how far they are in 
accord with natural phenomena. 

These two problems need to be sharply distinguished. ‘The first is theo- 
retical and exact: the second is empirical and subject to all the uncertainty 
which belongs to physical observations. In attacking the first problem, the 
investigator is free to choose his hypotheses as he will, provided only they 
are not contradictory, and to draw what conclusions he may trom them. We 
shall accordingly make the two following hypotheses which we will first state 
and afterwards discuss. 


First Hyvornesis. The space to be considered shall be a continuum « ff 
three dimensions, in which a point may he determined hy three independent real 
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Seconp Hypotuesis. The length of a line shall he determined hy means 
of a line element given hy the equation 


ds = V dx, da. , (yj = = 1, 2,3) 


where the ay, are functions of xy, X25 £3, which together with their differential 
coefficients of the first four orders are finite and continuous, and where the 
expression under the radical sign is positive for all real values of xy, x2, x3 
and day, dry, dx3, provided that correspond to points of the space and 
that day, day, daz are not all zero, 


Discussion of the First Hypothesis. \wa purely analytic sense, a “point” 
is a set of three values (7, 72, 73), and” space ” is a collection, or assemblage, 
of such points, which together form a continuum of three dimensions. By the 
requirement that space be a continuum, the following two properties are 
asserted of space. First, if (a), 42, 43) is any point of space, then (a, + /,, 
dy + hy, a + hs) is also a point of space, whatever may be the values of 4, 1, 
and As, provided that no one of them exceeds numerically a certain value /, 
depending in general on the point (4), Secondly, if a3) and 
(4,, by, 53) are any two points of space, it is possible to connect them by a 
continuous curve lying in the space. 

Here it is immaterial whether .7,, 72, and .; be allowed to take all possible 
values, or whether they be subject to certain restrictions, provided only the 
above two conditions be met. 

We assume for the present that to every point of space, or at least to 
every point of the portion of space which we are studying, corresponds one 
set of coordinates (.7), 72, 73), and conversely. We can later proceed to all 
portions of space, in case this condition is not everywhere fulfilled, by the usual 
methods of analysis. 

Our space is assumed to be three dimensional. By this it is not meant 
to deny the possibility of the space’s lying in an extent of higher dimensions, 
but simply to assert that the discussion has nothing whatever to do with these 
dimensions. The validity of the results obtained is neither strengthened nor 
weakened by the assumption of a fourth dimension. 


Discussion of the Second Hypothesis. Within the space thus defined we 
may pick out at pleasure one dimensional extents or lines. We shall restrict 
ourselves here to lines which may be expressed analytically by the equations 


m=Al). 
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where / isan arbitrary paruneter, and where, for the values of ¢ which come 
into consideration, and are continuous functions possessing continuous 
first derivatives which do not vanish simultaneously. Consider now a portion 
of such a line corresponding to values of / lving between, and including, the 
values /, and 7, and let this portion be broken up into # segments, to the ex- 
tremities of which correspond the values fo. TP new 
fas ave the coordinates of the extremity (¢ = of any segment, the 
coordinates of the other extremity (/ = /;.,) will be, except for infinitesimals 
of higher order, (4 + dry. ry + + rg). Where 


day = dary - and df = — 


We introduce now arbitrarily as the definition of an element of length a fune- 
tion 


which has the following two properties. First, it shall become infinitesimal with 
day, dy. dry and consequently with and, secondly, the sum of the values 
of this function computed for the # segments of the line considered shall ap- 
proach a limit as # is indefinitely increased and at the same time the # quanti- 
ties /,., —/, are made to approach zero: the limit to be independent of the 
manner in which the extremities of the segments are chosen. This limit ts 
defined as the length of the portion of the line in question. 

These conditions are met in particular by the assumption of the line ele- 
nent as in the second hypothesis, in accordance with which we have 


b= de, 


The length of the line is then given by the integral 


| SO) dt. 
St, 


This form of the line clement has for our present purpose the decided ad- 
vantage of including as special cases all the forms occurring in Euclidean ge- 
ometry, which correspond to different systems of coordinates (Cartesian, polar, 
cylindrical, ete.) ; but it is by no means the only conceivable one. Thus we 
might, as pointed out by Riemann, employ the positive fourth root of a homo- 
geneous biquadratic expression in dy, Further, the restriction that 
the expression La,, dx, 2, should be always positive for allowable real values 
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of the quantities involved may be dropped,* but in that case we should have 
certain real lines with zero or even with imaginary length. Such a geometry 
would not explain the facts of experience and is therefore not considered here . 


2. Geodesic Lines and Surfaces. We proceed now to find the 
equations of the shortest line between two points: or, in other words, to de- 
termine the condition that the integral 


shall be a minimum. The Caleulus of Variations gives, as a necessary condi- 
tion that the integral 
I= 2) dt 
Ste 


be a minimum, the Eulerian equations 


d d d 
dt F, , dt ” F, 0, di F. a 
In the present case, these become 
d 1 dx, diy day Cay da; de, 
TVR, ata a) a dt dt’ 


da, dx, 
ik dt dt— 
the parameter ¢. We introduce the parameter * defined by the equation 


where /= 1,2,3 and &, = 2a The integral / is invariant of 


j dx; az. 
=| \ Lay, ae dt, 


i.e. the length s of the portion of the geodesic line between an assumed fixed 
point and a variable point. Since 


dt = [ = 
Je 


* Compare for example Bianchi’s paper: ‘‘Sulle forme differenziali quadratiche indefinite,” 
Atti della R. Accademia dei Lincei, Memorie, ser. 4, vol. 5 (1888), p. 539, as well as the writer's 
article: Ueber Pseudominimalflachen, Gottingen 1895, wherein are developed properties of 


certain surfaces in a space for which the line element is ds = + dy? — dz 
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it follows that 
the, day, 
ds ds 
e Hence the necessary conditions fora minimum, in terms of the parameter s, are 
df da, das da, dx, 
— — | = > 
f ds mu d ee / ” ds Cx, ds ds 
dT dey day d xs) a Cay dx; da, (A 
ds ds “ds ds ds ds 
— — 4+ —— + = — 
ds ds dls Boils aw Cr, ds ds 


Conversely, these conditions are sufficient if / is not too great. More precisely : 
Let be any point of space, and (7), ry. any second point such 
that 2; 4; does not exceed a suitably chosen positive quantity, 4. Then the 
equations (4) admit one and only one solution which passes through the points 
(a) and and has all of its points Iving in the region 2, < A, and 
| for the corresponding curve the integral 7 has a smaller value than for any 
other curve joining the points (@) and (Cr). 


We take the equations (.1) accordingly, as the defining equations of the 


yeodesic lines. Iw accordance with the theory of differential equations, it is 
7 7 always possible to find one and only one solution of these equations which 
“4 takes on at an arbitrary point (.7). .7y..73) any arbitrarily assigned values (not 
all zero) of the differential coefficients dx, ds, dr, ds, day/ds. Vf these dit- 
ferential coefticients satisfy initially the relation 
ds 


this relation will be fulfilled for all values of x. 

The geodesic lines which radiate from a point are hence distinguished from 
each other by the ratios of the values of the differential coefficients and these 
may consequently be regarded as fixing the direction of each line; the diree- 
tion being, broadly, that property of a geodesic line which distinguishes it from 
all others through the same point. 

It will be convenient to denote d,s by &, and to define the triple con- 


sisting of the three direction quantities &,, &, &, as the direction (€1, &. &3)- 
These quantities satisfy the relation 


& = 1. (B) 


be 


| | 
Bie 
it os 


SPACE OF CONSTANT CURVATURE. 77 
Our results thus far are these : 


TueoreM 1. A geodesic line is completely determined by means of any 
point on it and any second point not too far distant from the first. 


THEOREM 2. A geodesic line is completely determined by means of any 
point on it and its direction at that point, 


THEOREM 3. Through any point of space pass «* geodesic lines, each of 
which is completely determined by means of its initial direction. 


Take now two geodesic lines extending from the same point with the 
directions (a), and 8:, 8;) and consider the system of geodesic lines 
which radiate from their point of intersection with the directions (&, &, &), 
where 

= Aa, + 
= Aa, + 
= ras + 


und, by virtue of the relation (2), A and w are connected by the relation 
A244 + Taya; 8, = 1. 


Such a system we call a pencil of geodesic lines, and the common point the 
vertex. This pencil corresponds to the totality of straight lines in elementary 
Euclidean geometry, all of which go through a common point and lie in the 
same plane. Any two lines of a pencil define the pencil. Any line of the 
pencil is fixed by means of a single parameter, which may be conveniently 
chosen by introducing the conception of an angle. The angle 0 between tivo 
intersecting geodesic lines, with the directions (&,, &, and &, &5), shall 
he defined hy the relation 


COs red = Lay E; 


where the ay, are computed for the point of intersection. 

The angle @ is always real, since we are considering only real geodesic 
lines. This may be most conveniently seen by dropping for the moment the 
condition that (&,, &, &) should satisfy relation (3). We may then interpret 
these quantities as homogeneous point coordinates in a Euclidean plane. If 
now (&, &, &) and (&’, &', &{’) are two points of this plane, any point of the 
line connecting them is given by the formula : 
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AE, + 
+ 
and the points in which this line intersects the conic section 
Ey = 
correspond to values of A: given by the equation : 
E EL + 2rAm + = 0. >» “x cept 


But the above conie has no real points of intersection by virtue of our second 
hypothesis. Therefore the roots of the quadratic in A: are imaginary. There- 


fore its coettivients satisfy the relation : 
Introducing now the condition (4) we have 
The limiting cases Ya, &/ & = 4 1 can oceur only when 

Since the signs of &, &. and & may be changed without altering the geodesic 
line corresponding to them (for such a change of sign may be made by alter- 
ing the sign of (sx, that is, of the direction in which the length is measured), 
it follows that cos @ is ambiguous in sign. This ambiguity is the same as that 
met with in the angle between straight lines in Euclidean geometry and may 
be removed by familiar conventions. 

If cos8 = 0: if 

= 0 

the two lines are said to be perpendicular, 

We may now readily prove the following theorems : 

THeorem 4.00 any pencil of geodesic lines there exists one and only one 
line perpendicular any line of the pened, 

THeoreM 5. a geodesic line through the vertex of a pencil is perpen- 
dicular to tire lines of the pencil, it is perpendicular to all lines of the pencil. 


Purtorem 6. Through the verter of a pencil of qeodesie lines passes one 
and only one geodesic line perpendicular to all lines of the pencil, 
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THeorEeM 7. The geodesic lines perpendicular toa given geodesic line at 
a given point form a pencil, 


Proof of Theorem 4. Let a pencil be given with its vertex at O and let 
OA and OB be any two lines of the pencil with directions (a;, a,, a3) and 
respectively, making the angle @ with each other. Then 


cos @ = La; a;B,. 
Let OM be any line of the pencil defined by O.A and OB; then the direction 
of OM is given by the equations 
The angle @ between OW and OA is given by the formula 
cos 6 = (Aa, + = A+ @. 
The condition that O.W be perpendicular to OA is that cos @ = 0; hence we 
have as the necessary and sufficient condition for perpendicularity : 
A=dvcoto, w= Fesco. 
The direction of OW is thus restricted to a single direction and its opposite, 
and hence there is one and only one line in the pencil perpendicular to OA. 


Proof of Theorem 5. Let OC be a geodesic line through OA perpen- 
dicular to the line OA and OB of the pencil. The direction (7, Y2. ¥3) of 
OC’ satisfies, then, the conditions 


and consequently the condition 
Lain (Aa; + = 
for all values of A and vw. Hence OC is perpendicular to every line of the 
pencil. 
Proof of Theorem 6. By the equations 


the values of the ratios of y,:y2: 73 are uniquely determined, and by aid of 
(B) the values of these quantities are determined except for sign. Hence it 
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is always possible to determine one and only one perpendicular to two inter- 


secting geodesic lines at their point of intersection. By Theorem 5, this line 
is perpendicular to every line of the pencil. 


Proof of Theovem 7. W OC with direction (7, Y25 Ys) be given, the con- 
dition that a geodesic line through O should be perpendicular to OC is 


Lay E,. — 0, 


If now (a;,a:,a;) and (8), 8,83) are two sets of values which satisfy this 
equation, it will be satistied by all values of the form 


and by no other values. This follows from the fact that the equation is linear 
in the unknown quantities &. Hence the geodesic lines through O perpendie- 
wlar to OC form a pencil. 


(reodesic Surface. If we define a pencil by means of two perpendicular 
geodesic lines OL and OL, and denote as before by @ the angle (properly 
chosen) between O.t and any line of the pencil O.W, we have 


A = cos 8, sin 


so that the direction of O.W is ziven by 


E, = a, cos @ + 8; sin @, 
Where @ is arbitrary and a; 8, = 0. 

If be any point on the line OW and be the length of this 
line from 0 to P, the coordinates of 7? are determined by integrating the differ- 
ential equations of the geodesic line, choosing the solution which at the point 
“; bas the direction &, and substituting + for s. We have then 


= Sil bis = (9,7), 


the functions $;(@, 7) being continuous, together with their partial derivatives 
of the first and second orders. By giving to @ and r all possible values, all 
points of all lines belonging to the pencil are determined. These points, de- 
pendent upon two parameters, form an extent of two dimensions which we call 
a geodesic surface, A qeodesic surface ts then defined as a pencil of geodesic 
By the definition, the vertex of the pencil forms a unique point of the 

Whether or not any point of the surface may play this important réle 
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is at present undecided. We cannot in fact assume that the geodesic surface 


contains any geodesic lines of space other than those of the pencil. t 
3. Curvature. «. The Curvature of a Surface. Let there be given 1 t43 
any surface 
“= («= 1, 2, 3) 

where «and ¢ are independent variables and the ¢; are single& valued contin- 1 
+ 7 


uous functions with continuous differential coefficients of the first two orders. 
The line element of any line on the surface is found from the line element of 


space. ‘There results 
dst = + Gade, 
where 4.4 | 
— 
cucu 4 
Ox; Ory 
P =: 
cu er 
| 
The properties of the surface belong to two distinct classes. The properties of i 
the first class are those which may be deduced from a study of the line ele- “hy 


ment just written, where /, /’, G are treated as functions of and v, and no 
reference is had to their dependence upon .7;, 22, 3; while those of the second 
class depend upon the relations between rand For example, if 
the line element of the surface is i 


the surface may be a plane, a evlinder, or any developable surface, if it lies in | s 
Euclidean space, and may be something quite different in a non-Euclidean on 
space, and the properties of the first class are those common to all these sur- 
faces. The distinction between the two classes of properties is often lost sight 
of in elementary presentations of the theory of surfaces, but it is of funda- 
damental importance to us, since the properties of the first class maintain their 
significance whatever may be the nature of the space in which the surface lies. | 
We may accordingly use the results of the ordinary theory of surfaces, in so oa 
far as they concern these properties. ‘To obtain the properties of the first 
class, we assume the line element of the surface, and define length, geodesic a 
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a lines on the surface, and angle in a manner similar to that just employed for 
space. Thus the equations of the lines are 
i 
ds ds cu cuds ds cCuX\ds 
i du dv cr dudr CG dry? 
i ds de cr ds ds cr \ds 
ii : and the angle between two geodesics is defined by the formula 


cos@ 
ds ds 

It should be noticed that, if the surface is considered as ling in a given space, 
the geodesic lines on the surface are not in general geodesic lines of the space, 
but lengths and angles are the same whether measured on the surface or in space. 

The properties which may be deduced for a surface by the discussion of 
its line clement depend largely upon the quantity called by Gauss the measure 


of curvature, or simply the cvrrature, of the surface. Under that term we 
a understand a quantity A’, detined by the relation 
. 


=~ EG— F? cu ky EG cr \ EG — F? | 


\ — VEG — F? cr ky EG — F? cu 


With the geometric interpretation of the curvature as usually given on the 


hypothesis that the surface lies in Euclidean space we have nothing todo. For 
us, the ” 


A> 


t 


curvature” means simply the above expression, which is fully deter- 
mined when the line element of the surface is given, and may be shown to be 
an invariant of the surface, that ix, independent of the coordinates chosen to 
detine the surface. When Avis the same for all points of the surface, the sur- 
face is said to be one of constant curvature, 


lies in the two theorems : 


The importance of the curvature 


Al necessary condition that two portions of surfaces may be brought into 
pol for pont correspondence with preservation of distance (and hence of angle) 
is that they have the same envrature at corresponding points, 
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If the two portions of surfaces are of constant curvature, the condition is | 
also sufficient, 
It follows that on any surface of constant curvature there exists a geome- . 4 
try of geodesic lines which is independent of the portion of the surface consid- ‘e 
ered. 
Beltrami* has shown that this geometry assumes different distinctive 4 
features according as the constant curvature is positive, negative, or zero. 1 
hb. The Curvature of Space. As we have seen, the coordinates of a point if 
on a geodesic surface may be taken as (7, 8). The element of are of a geo- 
desic surface is then 
dt = + dO + Gde@?, | 


where it is possible to determine more exactly the values of the coefficients. 
In the first place, if @ = const., ds = dr for all values of r, no matter what 4 
value may have been assigned to 6: hence = 1. Secondly, the lines + = s, 
@ = const. are geodesic lines in space and hence geodesic lines on the surface. 


Substituting the values # = 1, 7, = Oin the equations of the geodesic lines 
we have | 
= = 0, 4 
cr 
and therefore F’ is a function of @ only. When + = 0 the quantities 
and rz reduce to the coordinates of the vertex of the generating pencil, no ay 
matter what the value of Hence 
or Cw 
r=0 c@ r=0 r=0 { 
From the formula 4 
I = Ya, 
“Gr 
: it follows that = 0, and hence, since Fis a function of @ only, 0. 
2 The line element of the geodesic surtace is therefore bee 
4 Gde. 
: * Saggio. di interpretationi della geometria non-Euclidea, Giornale di matematiche, vol. 6, 
(1868), p. 284, cf. also, Bianchi, Differentialyeometrie, p. 418 
he 
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The expression of the curvature reduces in this case to 


The curvature is consequently a function not only of rand @, the coordinates 
of a point on the surface, but also in general of the coordinates of the vertex 
O of the generating pencil and of the directions (a), a, a@;) and (8), By, Bs) 
which fix the pencil, since the functions $,(7,@) depend upon these latter 
quantities. In particular, if AQ is the curvature at O, it may be shown that 
2 (th, — a, — 

wim 


— Cin (4; By — Bi) Bm — By)” 
ikim 


where 
(th, Jim) = 


 O@,, 
cr, Cr, 


Aly, is the minor corresponding to a, in the determinant 

Gy, Ay 

(og 

(log (I 

the subscript 0 denotes that the expressions to which it is aftixed are computed 
for the point O, and the summation is to be extended over all combinations 
of the value-pairs and for whieh < m.* 

The quantity Ay is called by Riemann the measure of curvature of the 
space in a given point and ina given surface direction. This curvature varies 
in general from point to point in space, and also ina given point is different 
for the different geodesic surfaces which pass through the point. In ease Ay is 
constant, the space is said to be one of constant curvature. A space of constant 
curvature is accordingly one in which the curvatures of all geodesic surfaces 


computed for the vertices of the generating pencils are the same. 


* Cf. Dedekind-Weber, /. ¢. also Schur, Math. Annalen, vol. 27 (1886), pp. 542-551. A 
shorter derivation involving the use of differential invariants and Christoffel's symbolic expres- 
sions is given by Bianchi. 7. ¢. p. 571 ff. 
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From the expression for Ay it follows that the necessary and sufficient 
condition for a space of constant curvature is that the quantities a, should 


& 

satisfy identically the relations : 
(thy lin) = — Ua)s 
where A’, is a constant. 

4. The Third Hypothesis. We shall define a displucement as any ti 


transformation by which a continuous portion of space is brought into a contin- 
vous point for point correspondence either with itself or with some other portion 
of space in such a manner that the lengths of corresponding portions of lines 
ave the same. 

Let S be any portion of space in which the coordinates of any point P | 
ure (14, -"y, 73), and let N’ be a portion of space in which the coordinates of a “J 
point are Let the line element in S be denoted by 


ds = \ Lay da, da, 


and the line element in S’ by 


ds' = Lal, dx dz;, , 


t 
where aj, denotes the value of @,, for (rj, 74,73). In order that S may be ‘ 
displaced into SS’, it is necessary and sufficient that a 
ds = ds' 4 

by virtue of relations of the form ae 

where the are continuous functions of (74, 23, 23). possessing continuous 
tirst derivatives, and establishing a one-to-one relation between the points of hy 
Nand 

From this follows 

i 1 
ip. = Aim e 

lm Cr; CX, 
Any displacement transforms geodesic lines into geodesic lines, and geo- 
desic surfaces into geodesic surfaces. ae: 

— 

The first part of this theorem follows at once from the definition of geo- 
desic lines. To prove the second part, we notice that CEN 


a 
| 
| 
| 
i 
| 


da; N* dai ds N* dv} 
da ds dx” Grids 
Henee, if (a). ay) is the direction of a geodesic line at point O, and 
aj, ay) the direction of the corresponding line at 
a; 
Since this relation is linear. a pencil of geodesic lines with its vertex at @ is 
transformed into a pencil of geodesies with the vertex at O'. 

Onder Jisplace ment the angle two qeodesic lines is equal to the 
corresponding angle hetireen the tire correspomling sic lines, 

For let On and OD be two geodesic lines intersecting at O with the direc- 
tions (a). a. a;) and (3). 3. 3,) respectively and let OB and be the cor- 
responding lines with directions (aj.a3. aj) and (8). 83.84). Then if @ is the 
angle between O.tand OF and @ the angle between and 


cosé La, a; 3; 


i ~ a,a,, 
in if CH, 
dm 


To remove the ambiguity involved in the determination of an angle from 
its cosine, and at the same time to define corresponding angles, we may con- 
sider first the case in which OF coincides with OL. Then O'B' coincides with 
OA’ and we may take @ = 6 =O.) Let now OB change its position contin- 
uously, the point O being fixed: @ then varies continuously, attaining a final 
value which we call the angle AOL. At the same time OZ changes its posi- 
tion continuously. always corresponding to OZ, and @ varies continuously 
from zero to a final value which is the angle corresponding to AOB. 
Since at all times cos@ = cos@, and at the outset @ it follows that 
AOB= VOB. 

The possibility of the reversal of the direction of the angle is not excluded, 
and it seems unnecessary at this point to introduce a distinetion between dis- 
placements which do not reverse the direction of the angle and those which do. 

The existence of displacements is by no means necessary in a general 
space. This is to be seen by comparing the similar problem in connection 
with surfaces, A displacement ona surface may be carried out by bending 
one portion of the surface upon another portion without tearing or streteh- 
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ing. It is clear that surfaces exhibit widely different: possibilities in regard 


to such bending. It may also be seen that the displacement of a portion of 


a surface and of the entire surface, are different problems. Take, for example, 
the right cireular cvlinder in Euclidean space. If a point on the cylinder is 
fixed, the cylinder as a whole is immovable, but a restricted portion of the 
evlinder around the fixed point is easily bent upon itself, 

The existence of displacements in space is consequently the subject of a 
new hypothesis. 


If Pts any potiutof space, it shall he possthle to dis- 
place restricted portion of space surrounding P upon in such manner 
that any tire qeodesic through P shall correspond to any other tivo qeodesic 
lines through Fr. provided only that the two latter lines make the same angle 


with each other as do the former lines, 


By such a displacement, the point 7? remains fixed and any two geodesic 
pencils with their vertices at 7? may be brought into point for point correspond- 
ence with preservation of distance and angle.  Tlenee (cf) a), the geo- 
desic surfaces formed by the two pencils must have the same curvature at 
corresponding points and in particular at 2’. The quantity Ay of the previous 
article must therefore be independent of (a), a,.a,) and (8), 8.83). Now 
Schur has proved (/. ¢.) that when the curvature of space is constant at each 
point it does not change as we pass from point to point. Hence Ay, must also 
he independent of the coordinates of O. We have therefore the theorem ; 

Tn order that the third hypothesis shall he met. HECESSULY that the space 
he one of constant curvature, 

In the next paragraph we shall show that ina space of constant curvature 
the hypothesis is always met and that furthermore there exist displacements 
by which any point ? may be transformed into any other point 7”. 


5. Normal Form of the Line Element. Let the line clement 
ds? = Lay dav; da, ( ) 


belong to a space of constant curvature A?, where / may be zero, real, or pure 
imaginary. It is then always possible by a change ot coordinates to reduce 
the line element to Riemann’s normal form 
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[1+ pint At vs) | 
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This we will assume without proof." If now 4 = 0, the form (2) is as simple 
as possible. Assuming for the present that & is not zero, we shall proceed to 
find another form for the line clement, For that purpose, we shall first make 
the substitutions 


2u 2r 20 
(3 


where and fare connected by the identity 


1+ 4+ =F. (4) 
We have then 


dut det + dw? — 


ds? = (5) 


Finally let us introduce , y. and 2 defined by the relations 


tan hw, 


hr tank y, 
(6) 
sec hr see hy tan Az 


f= seches sechy 


4 

It is readily seen that, if (17%. is any set of values satisfying (4), and 
if (4), 4,43) and (79. Yo. 2%) ave the corresponding sets of values of (41, Yas Ys) 

from (3) and (7, 4,2) from (6) respectively then the points 7, that 
lie in the neighborhood of (Mos Vos Mos fy) and satisfy (4) are transformed by 
(3) and (6) respectively in a one-to-one manner and continuously on a@// the 


points (4). 72. and 4.2) respectively that lie in the neighborhood of 
by) and (9. Yo. 


The line element now takes on the wormeal fori 
ds? = cos? dw? + dy) ( 7) 
If dis pure imaginary, the functions in (6) and (7) may be written as hyper- 


* This form is given by Riemann without proof. It is proved by Dedekind-Weber (1. c.) 
on the assumption that the geodesic surfaces are of constant curvature. 


has been shown by Schur (/. ¢.) to be warranted, the proof is valid. 


A proof has also been given by Lipschitz in connection with extended investigations on 
the properties of differential expressions; Crelle, vols. 70, 71, 72 (1869/70). 


Since this assumption 
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bolic functions and the use of imaginaries obviated. We shall avoid duplica- 
tion of our work, however, by using (6) and (7) as they stand without regard 
to the reality of 4, but it may be noticed that / always appears in such com- 
hinations that the resulting expressions are real. 

The differential equations of the geodesic lines (A) become, after a few 
easy simplifications, 


Par dudy dx ) 
7,3 = 2h as 2h tan kz 
yd 
ie = 2khtankz — keosk hy > (8) 
= —hkeoskz sinkz| k + + 
ds 


The Coordinates (x, 4,2). The coordinates 7, 2) introduced analytic- 
ally by equations (3), (4), (6) are analogous to Cartesian coordinates. — For, 
we can see by inspection that all lines of the three types : 


(a) “= const., = const., 7 = 8: 
(c) 4, y = 0, 


satisfy equations (8) and are therefore geodesic lines. In particular, the three 
lines (x = 4, y= 0, 2=0), (x = 0, y= 8, and (x = 0, y = 0, z= 2) 
form a set of three mutually perpendic lines intersecting at O. 
We will call them OY, OY and OZ respectively. Consider now the surface 
z= 0. We shall have geodesic lines lying on this surface if we place z = 0 
and take vy and a as solutions of the equations 


ds? 2h tan hy ds ds 

=—h cos ky sink y 


Which result from placing z = 0 in (8). These equations, however, are the 
same as those which we obtain by applying to the surface z= 0, in which the 
line clement is 

ds? — cosh y dv? + dP 
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the equations of the geodesic lines on any surface, as given in $3... That 
is. the shortest line which can be drawn on the surface z = 0 connecting any 
two points is also a geodesic line in space, Hence the surface 2 = 0 is a geo- 
desie surface, any point of which can be taken as the vertex of a generating 
pencil of geodesic lines. In particular the surface is the geodesic surface 
determined by ON and OY and may properly be called the surface VOY, 
Similar results may be obtained for the surfaces y= O and «= 0, 

Let now be any point on VO Any geodesic line on XO 4 
through this point has then the direction (a), 8;.0). where aj cosh yy + By = 1. 
Any line of type (7) passing through (ry. has the direction (0,0. 1). 
Hence the lines of type (7) are perpendicular to the peneil of geodesic lines 
on YOY through the point in which (7) meet VOY. and are therefore perpen- 
dieular to VOY, Similarly the lines of type (4) ie in NOY and are per- 
pendicular to ON. The only line of type (ey) is Tt follows then that if 
we measure alone ON the distance vr. from the point thus reached measure 
along a geodesic line perpendicular to ON the distance vy. and from the point 
thus attained measure along a geodesic perpendicular to NOY the distance 
z,We reach a point with coordinates (ry. Thus every point 20) 
Iving in the neighborhood of the point CO. 0,0) ean be reached along one of 
the paths just described, and along but one such path. As a consequence of 
the foregoing we have the theorem : 

Through any point P lying in the neighborhood of the point 
One perpendicular to the surface NOY can he drawn and, if me ven 
quire the perpendicular to lie wholly in the of the above pot, 
hutone. From any such port lying in the surface NOY one per- 
pendicnlar lo the qeodesic line ON can he drawn and, wader the same restric- 
hiow Us hefore, hut one. 

To sum up then The coordinate system fy 2) three mutually 
perpendicular geodesic lines ON, OY, futersecting at aud determining 
three yeodesic surfaces NOY, NOZ, Vhe coordinates of a pot 
are determined hy taking qeodesic line through perpendicular to NOY 
meeting mat M, and Srom M drawing a qeadesie line in NOY perpendicular 
to ON meeting tat No The lengths of the lines ON, NM, MP are then 
and z respect ely, 

For the sake of symmetry the three geodesic lines and the three surfaces are 
specified. — Practically only one surface YOY, one line ON, and the point O 
are needed, 
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6. The Equations of the Geodesic Lines and Surfaces. To ob- 
tain the equations of the geodesic lines we need to integrate the differential 
equations (8), having regard to (7), or its equivalent, 


1 = coshy cos? hz + coshy (1) 


This may be done by considering the functions derived from (6), 


é = sin cos hy cos kez, 

y= 7 =, cos kz, (10) 


By linear combinations of (8) and (M4), we may obtain the equations : 


PE 
— 
ds? 
+ > (11) 
+ 


To verify this it is only necessary to multiply equations (&) and (4) by 
the undetermined factors A, wv, p, to add, and to compare the results with 
equations (11), written out in terms of «, 7, 2 and their differential coefficients. 
The values of the multipliers are then easily found. //ence any solution of 
rquations (&) which satisfies satisfies also (11). 

Conversely, equations (8) may be expressed as linear combinations of 
(11) and (9). Mence any solution of (11) which satisfies (9) also satisfies (8). 

The general solution of (11) is 


= sinks + By, cosks, 


sinks + B, cosks, 
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= sinks 2B, cosks. | 
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It is necessary to choose the constants so as to satisfy (9). The direct sub- 
stitution is difficult, but we may proceed indirectly as follows. We notice first 
that (4) gives us, as a relation which / must satisfy, the following : 


Furthermore, (9) is equivalent to (5), and the latter may be written : 


d &\? dy dg 1 sdty? 
Any solution of (11) is also a solution of 


ds 


which is the same as 


Henee we get from (13) and (14), asa necessary condition for /, the equation : 


dtye2 
x) = (, is) +? 


1 
= A tan + a), 


From this 


where @ is the constant of integration. No generality is lost by taking a = 0, 
since this amounts to denoting by s the length of the are measured from a par- 
ticular point, plus a constant: or simply, as will appear later, to measuring 
the are from an arbitrary point. Placing ¢ = 0 and integrating the last equa- 
tion we have 
(15) 

asa necessary condition for the form of the function /. 

It follows from the foregoing that, if the equations (12) are to satisfy (9), 
they must be consistent with (15). Comparison with (14) gives.as necessary 
relations between the coetticients 


+ ARB + AR = 3+ Bp + Bi) = 1, 


A,B, A,B, > A; B; = 0. 


[TO BE CONTINUED. | 
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